Abstract We study the cosmological evolution of frequency of a standing electromagnetic wave in a resonant optical cavity placed to the expanding manifold described by the Robertson-Walker metric. Because of the Einstein principle of equivalence (EEP), one can find a local coordinate system (a local freely falling frame), in which spacetime is locally Minkowskian. However, due to the conformal nature of the Robertson-Walker metric the conventional transformation to the local inertial coordinates introduces ambiguity in the physical interpretation of the local time coordinate, X 0 . Therefore, contrary to a common-sense expectation, a straightforward implementation of EEP alone does not allow us to unambiguously decide whether atomic clocks based on quantum transitions of atoms, ticks at the same rate as the clocks based on electromagnetic modes of a cavity. To resolve this ambiguity we have to analyse the cavity rigidity and the oscillation of its electromagnetic modes in an expanding universe by employing the full machinery of the Maxwell equations irrespectively of the underlying theory of gravity. We proceed in this way and found out that the size of the cavity and the electromagnetic frequency experience an adiabatic drift in conformal (unphysical) coordinates as the universe expands in accordance with the Hubble law. We set up the oscillation equation for the resonant electromagnetic modes, solve it by the WKB approximation, and reduce the coordinate-dependent quantities to their counterparts measured by a local observer who counts time with atomic clock. The solution shows that there is a perfect mutual cancellation of the adiabatic drift of cavity's frequency by space transformation to local coordinates and the time counted by the clocks based on electromagnetic modes of cavity has the same rate as that of atomic clocks. We conclude that if general relativity is correct and the local expansion of space is isotropic Department of Physics & Astronomy, University of Missouri, 322 Physics Bldg., Columbia, MO 65211, USA; Siberian State Geodetic Academy, 10 Plakhotny St., Novosibirsk 630108, Russia E-mail: kopeikins@missouri.edu 2 there should be no cosmological drift of frequency of a standing electromagnetic wave oscillating in the cavity resonator as compared to the frequency of atomic clocks. Continuous comparison of the frequency of the optical cavity resonator against that of atomic clock yields a powerful null test of the local isotropy of the Hubble expansion and the Einstein equivalence principle in cosmology.
Introduction
The present paper deals with the analysis of EEP in cosmology by applying general relativity to analyse the clock comparison experiment. We consider atomic and resonance cavity-based clocks, and compare their rates. Experience has shown that a test of a basic principle such as EEP is generally more powerful if one has an example or a framework in which it is violated. There are many examples of such frameworks for testing EEP -the THεµ framework of Lightman and Lee [1] , the χ-g framework of Ni [2, 3] , the Standard Model Extension (SME) of Kostelecky et al [4] , and so on. Using such frameworks, one can see exactly how and under what circumstances a non-null result could be obtained, and one can place limits on various EEP-violating parameters. For example, the details of applying the LL framework to clocks, including cavity clocks, appear in Will's textbook [5] .
Unfortunately, all previously proposed frameworks are limited to the situations where the background spacetime is flat and none was adapted to analyse EEP in case of an expanding cosmological background described by non-stationary FLRW metric. Moreover, there is no general relativistic analysis of the clock-comparison experiments in cosmological setting. Hence, we even do not know whether the clocks ticks with the same rate in generalrelativistic cosmology. One may appeal to standard textbooks like [5, 6] and claim that due to the validity of EEP in general relativity all clocks will tick with the same rate irrespectively of the nature of background metric. This claim is not a scientific proof because EEP only claims that each manifold admits construction of a local Minkowskian frame along time-like worldline, nothing more. EEP does not make a unique prediction on how the local coordinate time is related to physical time counted by clocks. Physical time is generated by a specific physical process which is described by equations of mathematical physics governing the operation of clock's mechanism. These equations should be solved to predict an outcome of a particular clock-comparison experiment. As far as we know, no such a prediction exists in literature regarding the rate of clocks in an expanding universe even in general relativistic framework not mentioning THεµ, χ-g, and other formalisms. The present paper contributes to the solution of this problem. After it is solved in general relativity, it will be more clear how to describe the clockcomparison experiments in cosmological spacetimes of alternative theories of gravity. 3 Evolution of electromagnetic field in an optical cavity resonator with timedependent geometric parameters was a matter of peer theoretical research in a large number of papers starting from a classic paper by Moore [7] . Most of the theoretical papers explored vibrating cavities, where oscillations of cavity walls are periodic in time (see [8] [9] [10] , and references therein). Moreover, it was always assumed that the spacetime geometry is flat with no attention paid to the fact that we live in an expanding universe which geometric properties are described by the Friedmann-Lemeître-Robertson-Walker (FLRW) metric tensor. Making use of flat geometry looked natural as the Einstein principle of equivalence postulates that tangent spacetime to any curved manifold is locally flat. This postulates is applicable in general relativity but may be invalidated in alternative theories of gravity [11] . In case of an expanding conformally flat manifold the Einstein principle of equivalence (EEP) establishes a connection between the global cosmic time and the local (proper) time measured with the help of clock. There are two types of the most precise clocks -atomic and cavity resonators. They have different principles of operation. Atomic clocks are based on the orbital motion of electrons in atoms while the resonant cavity operates with standing electromagnetic waves. It is pedagogically useful to clarify the connection between the local time measured by the atomic clock and the resonant cavity and the global time of the FLRW universe.
A common-sense expectation would be that clocks in the expanding universe tick at the same rate, whether they be based on quantum transitions of atoms, or on electromagnetic modes of a cavity. However, (1) there is no textbook on general relativity which addresses this basic point with sufficient mathematical rigour, and (2) direct mathematical transformation from global to local inertial coordinates does not allow us to make a definite conclusion about the rate of clocks based on electromagnetic oscillations in a cavity. We explain the origin and physical nature of this ambiguity in the interpretation of the local time coordinate on expanding FLRW manifold in next section. It motivates us to abandon the counter-intuitive coordinate transformation technique and to switch discussion of the operational principles of resonancecavity clocks on the basis of more fundamental Maxwell equations in curved spacetime.
Geometrical coupling between the local physics and the global expansion of the universe has been studied in a fair number of papers (see, for example, reviews [12, 13] and references therein). Most of the previous authors focused on examination of the local gravitational dynamics in the expanding universe while less attention was paid to the cosmological influence on electromagnetic systems like atoms or a local evolution of vacuum electromagnetic fields. Several decades ago this kind of problem looked completely scholastic without any chance to be tested experimentally. Since that time the situation changed dramatically. Atomic clocks, lasers, nanotechnology overturned the world of experimental physics which is operating now fairly close to the fundamental limitations imposed on the measurement of various physical parameters by the quantum field theory [14] [15] [16] . The enormous progress in the experimental techniques stimulates the search for new tests of fundamental gravitational physics both in laboratory and in space. This 4 paper discusses the time evolution of a free electromagnetic wave in a resonant cavity in the conformally-flat metric of the expanding FLRW universe. This problem directly relates to testing the EEP in expanding universe by the clock comparison technique which was pioneered by Turneaure et al (see [17, 18] , and references therein).
EEP states that local physics decouples from global phenomena if the effects of spacetime curvature can be neglected. Therefore, it seems natural to expect that if we employ general relativity in the problem under consideration any kind of clock will tick with the same rate. We have checked this expectation in section 3 by applying EEP to transform the global to local Minkowskian coordinates of a freely falling (Hubble) observer. It turns out that due to the conformal nature of the FLRW metric, the interpretation of the local coordinate time, X 0 , becomes depending on the worldline along which it is measured. In particular, X 0 /c coincides with the proper time τ measured by the observer with an atomic clock but X 0 /c = τ + (1/2)Hτ 2 on the light-like hupersurface of electromagnetic phase, where H is the Hubble constant, and c is the speed of light (see (12) ). Hence, it is not a priori obvious that the clocks based on electromagnetic modes of cavity resonator will have a uniform rate and count the proper time τ with the same frequency as (16) shows. For this reason, even in general relativity the application of EEP alone to particular manifolds like FLRW spacetime, does not warranty the unique answer of clock-comparison experiment, and we have to resort to a more sophisticated mathematical technique to derive the oscillation equation governing the operational procedure of time generation by the cavity clocks in order to compare it with the proper time τ counted by atomic clocks.
Electromagnetic field in a cavity resonator is governed by vacuum (homogeneous) Maxwell's equation. The field freely propagates in cavity in the form of non-interacting plane waves. A linear superposition of these waves form a set of standing waves with frequencies being determined by the cavity length. The cavity is made of a solid, usually an ultra-low expansion glass [19, 20] or sapphire [21] , which strength and stiffness are determined exclusively by the electromagnetic bonding between its atomic and/or molecular components governed by the Coulomb interaction. Therefore, in order to answer the question about how the cavity responds to the cosmological expansion we have to analyse how the Coulomb force is affected by the presence of the time-dependent scale factor, R = R(t), in the FLRW metric. The frequencies form a discrete spectrum of electromagnetic oscillations which is calculated by solving the boundary value problem. It is possible to tune one of the frequencies of the cavity resonance modes to the optical band so that it can be used to interrogate the quantum transitions of atoms placed at the center of the cavity. The electromagnetic interaction between the atoms and the oscillating electromagnetic field allows us to make the most precise clock ever existed [17, 22] .
The frequency stability of such a clock is governed by the cavity resonator playing a role of a flywheel oscillator [20] . Long-term stability of the clock is determined by the stability of the frequency of the quantum transitions between the different energy levels of electrons in the atoms used in the clock. The frequency instability of the cavity resonance mode is induced mainly by thermal, acoustic, mechanical, and seismic noise while the fundamental limit is due to the Brownian motion of cavity's reflecting walls [23] . The cavity frequency stability is rapidly improving by making use of innovative technological designs that allows us to reduce the coupling of the cavity to the environmental disturbances. Hence, one can expect that it will be comparable or even exceeds the stability of the atomic transitions [24, 25] .
The fractional frequency stability of clocks is characterized by the Allan standard deviation, σ y (τ ), which behaviour crucially depends on the spectrum of the environmental noise [26] . If the spectrum, S(f ), of the noise is given in the form of a power law, S(f ) ∼ f α , the Allan deviation [26] is a power law function as well, σ y (τ ) ∼ τ µ , where the α − µ correspondence is well-established [26] . In the ideal case of a white frequency noise the Allan deviation, σ y (τ ) = σ 0 / √ τ , where σ 0 is the value of the deviation taken at time τ = 1 s. Current value of σ 0 ∼ 10 −15 while the white noise of measuring errors dominates over the time interval 100÷1000 s. While the Allan variance is used to measure noise spectra, it also depends on a linear drift of oscillator's frequency. More specifically, if the frequency drift is given by a linear function of time, ω(τ ) = ω 0 +ω 0 τ , the Allan deviation σ y (τ ) =ω 0 τ / √ 2 where the overdot denotes a total time derivative. The linear frequency drift can mimic the low-frequency noise with the power-law spectrum S(f ) ∼ f −5 [27] that is also characteristic for the stochastic gravitational wave background affecting the orbital motion of binary pulsars [28, 29] .
As we show in next section, the Hubble expansion of the universe might cause the frequency ω of the resonance mode of cavity to drift withω 0 /ω 0 = H, where H = 2.3 × 10 −18 Hz, is the current value of the Hubble constant estimated from cosmological observations [30] . If this drift, induced by the Hubble expansion, is real it reaches after 1000 s the value of 2.3 × 10 −15 , and might be measurable. This paper provides a theoretical proof (being independent of the direct application of EEP) that neither frequency of atomic transitions in ions nor the resonance frequency of electromagnetic oscillations in cavity, experience the effect of the Hubble expansion if the global properties of spacetime are described by the FLRW metric. This is in agreement with the EEP stating that any geometric manifold is locally flat. Therefore, our approach gives a new insight to the Einstein equivalence principle on expanding, conformal manifold from the point of view of time metrology. It also opens a new experimental possibilities for testing anisotropy of the Hubble expansion with the help of clocks.
We describe the background geometry of the problem and its relation to local gravitational physics in section 2. Application of EEP, local Minkowskain coordinates and difficulties of the interpretation of the Minkowskian time are discussed in section 3. Maxwell electrodynamics in FLRW spacetime is outlined in section 4. Mechanical rigidity of cavity in an expanding spacetime is established in section 5. The evolution of electromagnetic field and the oscillatory equation of the resonance cavity clocks are derived in section 6. Concluding remarks are given in section 7. Notations are explained in the course of the presentation. 6 
Background manifold
We accept that the background manifold is given by the FLRW metric, g αβ , which describes homogeneous and isotropic spacetime admitting a curved three-dimensional space characterized by a constant parameter k = {−1, 0, 1} [31] , and the Greek indices takes values 0, 1, 2, 3. Cosmological observations consistently indicate that k = 0 [30, 32] , and we accept this value in the present paper. The background metric with k = 0 is
where, c = 299792458 m·s −1 , is the fundamental speed, R(t) is the scale factor depending only on the cosmic time t, and x i = {x, y, z} are spatial coordinates. Metric (1) is definitely valid on large scales. Local inhomogeneities in the distribution of dark matter may cause the cosmological metric to expand anisotropically [33] in different directions so that on small scales the background metric looks like
where R x (t), R y (t), R z (t) are the different scale factors along x, y, z axes respectively. We do not discuss this particular situation in the present paper in full details. Some comments will be given in the last section of the paper. From now on we assume the metric has form (1). A continuous set of fiducial observers having fixed values of the space coordinates form the Hubble flow for which dx = dy = dz = 0. Each Hubble observer measures the proper time τ defined by the invariant relation,
For the fixed spatial coordinates, τ = t, which allows us to derive time t from the proper time τ that is measured with the help of an ideal clock. A standard assumption is that the proper time τ can be practically accessed with the help of atomic clocks. This assumption is almost evident in case of an asymptotically flat spacetime. However, in case of an expanding universe this assumption should be proved by deriving equations of motion of an electron in atom and demonstrating that the resulting equations are the same as in asymptotically-flat space time. We provide such a proof in section 5 . In what follows, we work in the coordinate system with a Hubble observer placed at its origin, and accept the identity τ = t.
For doing further calculations it is convenient to introduce the conformal coordinates x α = (cη, x, y, z). The conformal time η is not directly measurable and relates to the measurable time τ = t by an ordinary differential equation
The interval in the conformal coordinates is
where the scale factor a(η) ≡ R[τ (η)], the repeated indices in (4) mean the Einstein summation rule, and δ ij = diag(1, 1, 1) is the unit matrix. Metric (4) is conformally-equivalent to the Minkowski metric, η αβ = diag(−1, +1, +1, +1).
FLRW spacetime manifold with the metric (4) has the Christoffel symbols,
where u α = a −1 δ α 0 is a four-velocity of the Hubble flow, u α = g αβ u β , and δ α β is the Kroneker symbol (the unit matrix). The Ricci tensor
and the dot again denotes a derivative with respect to time t. The dynamic evolution of the FLRW manifold is determined by Einstein's equations
where R = R µ µ = g aβ R αβ is the Ricci scalar and T αβ is the cumulative energy-momentum tensor of matter (radiation, dust, dark matter and dark energy) governing the dynamic evolution of the universe. The energymomentum tensor is taken in the form of the perfect fluid and is given by
where ǫ is the energy density, p is pressure, and u α is four-velocity of the Hubble flow. We assume that equations (7) can be solved for the given (7), (8) , and the time evolution of the scale factor R(τ ) is well-defined, at least, in principle. Fortunately, we can get enough valuable physical information on the problem under consideration without knowing the exact solution for R(τ ) as we demonstrate in next sections.
Local Minkowskian coordinates in cosmology
According to the Einstein equivalence principle the cosmological metric (1) should be locally diffeomorphic to the Minkowski metric. Indeed, the diffeomorphism can be achieved by making the following transformation to local Minkowskian coordinates X α = (X 0 , X i ), where X i = (X, Y, Z),
where r 2 = δ ij X i X j , H =Ṙ/R is the Hubble parameter, the dot over R denotes a derivative with respect to the proper time τ , and we have omitted all terms of the order of the time derivative of H and H 2 as being negligibly small (notice that according to the Friedmann equationsḢ ∼ H 2 [31] ). There are different types of local coordinates on the FLRW manifold (see, for example, [34] [35] [36] [37] ) but all of them have the same structure (9) in the linearised Hubble approximation, when terms of the order of O(H 2 ) and O(Ḣ) are neglected. 8 The interval (1) in the local coordinates reads
and all terms of the order of O(H 2 ) and O(Ḣ) have been omitted as playing no role in our discussion due to their exceedingly small observational values. We have now to make connection to physics by establishing a link between the Minkowskian time coordinate, X 0 , and the time measured by clocks. It is tempting to identify the Minkowskian time X 0 with the proper time τ of the Hubble observer everywhere in a close neighbourhood of the origin of the local coordinates limited by the condition r ≪ c T obs /H where T obs is the overall time of observation. This is what usually accepted by gravitational physicists [13, 38] 
We emphasize, however, that such an identification of X 0 /c and τ is valid solely on the worldline of the central Hubble observer located at the origin of the local coordinates with X i = 0 as immediately follows from (9) . Outside of the worldline of the central observer the Minkowskian time X 0 = X 0 (τ, X) is a function of the spatial coordinates X which differs from the physical time τ if the clock is not at the origin of the coordinates, and the difference between X 0 /c and τ grows with distance proportionally to Hr 2 . This difference makes impossible a uniform parametrization of worldlines of moving particles in the local coordinates with respect to the physical time τ .
We illustrate it in case of the light rays as the most important physical situation in time metrology of clocks based on propagation of electromagnetic waves in resonance cavity. The light cone of the local Minkowski metric (10) is given by equation ds = 0, which has a simple solution describing a light ray moving straight with a uniform speed c with respect to the Minkowski time X 0 , that is
where k i is a unit vector (|k| = δ ij k i k j = 1) pointing in the direction of propagation of the light ray. However, on the light cone, the Minkowski time X 0 can be calculated from (9), where we can use an approximation X i = ck i τ in the second term being proportional to the Hubble constant H. It yields
which makes X 0 /c apparently different from the proper time τ of the central observer counted along worldline X i = 0. This difference leads to a nonuniform motion of light rays measured with respect to the proper time τ of the central observer
which brings about an interesting local effect of the blue shift of the frequency of a freely-propagating radiowave, δω/ω = Hτ [12] .
Straightforward transformation of Maxwell equations from the global, x α , to local, X α , coordinates reduce them to special-relativistic form in accordance with EEP [5, 6] . However, the conformal nature of the background FLRW manifold does not allow us to identify the Minkowski time X 0 /c measured along light rays with the proper time τ measured by atomic clocks. Indeed, a plane-wave solution of Maxwell's equations for the vector potential, A α , written in the local coordinates, is
where A α is the constant amplitude, ω 0 is a constant frequency, K = ω 0 k is the wave vector, k is a unit vector along propagation of the wave, φ 0 is the phase constant, and the ± sign corresponds to two waves traveling in opposite directions. The argument of the cosine function in (14) is an electromagnetic phase that is a light-like hypersurface made of light rays. Therefore, the time coordinate, X 0 , entering (14) is taken on the light ray and given by (12) in terms of the time τ measured by atomic clocks.
A standing wave in a resonance cavity is a linear superposition of the two plane waves (14) moving in opposite directions,
The standing wave solution describing the oscillatory behaviour of the electromagnetic modes in cavity is, then,
where the frequency
is a linearly growing function of time, and the constant phase φ 0 has been absorbed to the lower limit of the integral. This is the result that we get by applying EEP on expanding FLRW manifold to propagating electromagnetic waves. Solution (15) , (16) tells us that we should expect the quadratic-in-time drift of clocks based on electromagnetic modes in cavity with respect to atomic clocks but it does not comply with the expectation engraved in standard textbooks on relativity [5, 6] . In order to check whether the result (16) is correct we checked several clock-comparison experiments [17, 18, 39] which were sensitive enough to detect the linear drift of frequency (16) of electromagnetic modes of a resonance cavity with respect to atomic clock. Those experiments did not detect any difference between the rate of atomic and resonator cavity clocks. The disagreement between theoretical result (16) and the experiments forces us to explore more carefully the operational principle of the resonance cavitybased clock in expanding spacetime manifold, to deeper understand EEP in general relativity and to avoid possible pitfalls in the interpretation of the local Minkowskian coordinates in cosmology.
Maxwell Electrodynamics in FLRW Universe
The Maxwell electrodynamics is the most conveniently formulated in terms of the vector potential A α of an electromagnetic field. The electromagnetic field tensor is defined in terms of partial derivatives of the vector potential A α ,
where ∂ α A β ≡ ∂A β /∂x α . Maxwell's equations for electromagnetic vector A α in a curved FLRW spacetime are [6] .
where the vertical bar and an index after it mean a covariant derivative with respect to the corresponding coordinate, J α is a four-vector of a conserved electric current density. It conserves,
as can be derived directly from (18) by taking the covariant divergence from both parts of this equation.
Misner, Thorne and Wheeler [6] recommend to impose on the vectorpotential the covariant Lorentz gauge condition, A β |β = 0, in order to eliminate the second (gauge-dependent) term in the left side of equation (18) and reduce it to the de Rham wave equation. However, the covariant Lorentz gauge condition does not cancel in (18) the term with the Ricci tensor which makes solution of the de Rham equation problematic. We have found [12] that in case of the FLRW metric both the second and third terms in the left side of (18) can be eliminated if we use a more suitable gauge,
that is equivalent to
This gauge has been also found by M. Ibison [40] in the form
where A β = g αβ A α . Equivalence of (21) and (22) can be easily confirmed after substituting A β = g αβ A β = a −2 η αβ A β to the left side of (21). We substitute (20) into covariant equation (18), take the covariant derivatives and use (6) to express the Ricci tensor in terms of the four velocity and the Hubble parameter. Remarkably, many cancellations take place, and we arrive to an exact Maxwell equations in FLRW spacetime
where ≡ η αβ ∂ 2 /∂x α ∂x β is the ordinary D'Alembert operator in flat spacetime. Thus, equation (23) looks similar to Maxwell equations in special relativity in the Minkowski space-time except for the presence of the scale factor, a ≡ a(η), that appears in the right side of (23) . The reason for the simplicity of (23) is the conformal invariance of electromagnetic field that tells us that the Maxwell equations in a conformally flat space must be equivalent to the Maxwell equations in the Minkowski space [41] .
Solution of equation (23) is obtained with a standard technique of a retarded potential,
where the retarded time s = η−c −1 |x−x ′ |, and the integral is performed over the spatial volume V occupied by the matter charge distribution. Equation (24) tells us that weak electromagnetic waves propagate with speed c in the conformal coordinates (η, x) of the FLRW universe with the space curvature k = 0.
The gauge condition (20) applied to equation (24) is consistent with the fundamental law of conservation of electric current (19) which is equivalent to
Hence, the total electric charge of the matter distribution
is constant, and does not change due to the course of the Hubble expansion, at least, up to terms of the order of H 2 .
Rigidity of resonant cavity
Before discussing evolution of electromagnetic field in a resonant cavity, we have to make sure that the Hubble expansion does not change the geometric length of the cavity. Rigidity of the cavity is determined by the chemical bonds between atoms. They are governed primarily by the electric Coulomb force acting between atomic nuclei. Hence, we have to explore if the Coulomb law preserves its classic form in the expanding FLRW universe. The Coulomb force is governed by an electric potential φ ≡ cA 0 of an atomic nucleus. It can be found by making Taylor expansion of the retarded arguments of the vector potential (24) around time η. As the charge is conserved, the expansion term of the order of 1/c vanishes, and we arrive to
Outside of the charge distribution, |x| > |x ′ |, and the integral can be expanded in terms of the electric multipoles -the constant charge Q, the dipole electric moment Q i , and so on [42] ,
For the sake of simplicity, we neglect the dipole and higher-order electric multipoles. Their treatment makes calculations more tedious but do not change the conclusion of the present section on the rigidity of the cavity. The orbital motion of an electron in a curved spacetime is given in the main approximation by the second Newton's law with an electromagnetic Lorentz force standing in its right side while the left side of this law is a covariant derivative from the linear momentum of electron
where σ is the affine parameter along the electron's orbit, e is the charge of electron (e < 0), and m is electron's mass. The charge and mass of electron remain constant in expanding universe (see equation (26) and our paper [12] for the proof). The Christoffel symbols in (29) account for the presence of the gravitational field of the FLRW universe. If the conformal time η is used for parametrization of the worldline of electron, equation (29) assumes the following form
In the slow-motion approximation dσ/dη = a(η), F i 0 = F i0 /a 2 , and the electric field of the atomic nucleus is E i = F iβ (dx β /dη) = ∂ i φ. By neglecting relativistic corrections of the order of 1/c 2 in (30), we obtain the equation of motion of electron in the expanding universe
By doing the conformal spacetime transformation
we can recast (31) to the classic form of the second Newton's law with Coulomb's force
where ρ = |X|, the dot means the time derivative with respect to the physical time τ of the central observer. Thus, the orbital motion of electrons, 13 after having been expressed in physical coordinates (τ, X) does not reveal any dependence on the scale factor a(η) and the Hubble parameter H. This proves that the strength of the chemical bonds of the material from which the cavity is made of, is not affected by the expansion of universe. Hence, one concludes that the cavity is rigid and keeps its physical length constant in the expanding universe under condition that temperature and other environmental disturbances are kept under control and their influence can be subtracted with as high precision as necessary.
Electromagnetic oscillations in a resonant cavity
Electromagnetic field in a resonant cavity obeys the homogeneous Maxwell equations that follows immediately from (23)
and we assumed a perfect vacuum inside the cavity (no dielectric). The field propagates between the cavity walls in the form of a transverse-traceless electromagnetic wave. We assume that the walls are ideal mirrors reflecting electromagnetic waves without dissipation so that the wave is fully confined in the cavity. We also make a simplification that the cavity is a rectangular box with the spatial coordinate axes x i = (x, y, z) directed along its sides. It allows us to solve (34) by applying the method of separation of variables in the Cartesian coordinates that splits equation (34) in three, one-dimensional wave equations which are decoupled [42] .
The condition (20) bears a residual gauge freedom for the electromagnetic potential A α −→ A ′ α = A α +∂ α χ where χ is an arbitrary scalar function that obeys a homogeneous wave equation χ = 0. The residual gauge freedom allows us to chose, A 0 = 0, in the solution of (34) representing an electromagnetic wave. We further assume that the wave is propagating along x-axis and is polarized in the z-direction so that the potential A i = (0, 0, A), while the electric E α = F αβ u β , and the magnetic B α = −(1/2)ǫ αβµν F µν u β , fields have the following spatial components,
The field E ≡ E(η, x) and B ≡ B(η, x) satisfy the wave equation that is derived from (34) . In particular, the wave equation for the electric field,
and a similar equation exists for the magnetic field B ≡ Ba. Equation (36) could be, of course, derived directly without making use of the vector potential A α . This approach requires an independent derivation of the covariant equation for F αβ in the expanding universe that will lead to a complicated de Rham operator for the tensor field of a second rank [43] . Simplification of this operator and its reduction to the wave equation (36) is based on a rather long and tedious chain of mathematical transformations which will be published somewhere else. The tangential components of E i must vanish on the cavity's walls that are perpendicular to x-axis. The cavity keeps its geometric shape unchanged in the local physical coordinates X i = a(t)x i but it is expanding adiabatically in accordance with the Hubble law in the conformal coordinates x i . Let as chose the left wall of the cavity as the origin of x and X axis. The right wall of the cavity is fixed in the local coordinates at X = L. Then, the right wall of the cavity is moving adiabatically with respect to the conformal coordinates
The boundary conditions imposed on the electric field at the cavity's walls are E[η, x = 0] = 0 and E[η, x = l(t)] = 0 [42] . Solution of (36) with the boundary condition depending on time has been worked out in a number of papers [7] [8] [9] 44] . It consists of a discrete spectrum of standing waves where each harmonic can be represented as a Fourier series with respect to the instantaneous basis
This form of the solution satisfies the boundary conditions exactly. We put (37) to the wave equation (36) , multiply it with sin [πnx/l(t)] (n = k), and integrate over x from x = 0 to x = l(t). It yields the ordinary differential equation for the amplitude Q k that reads
where the prime denotes a time derivative with respect to the conformal time η, the (time-dependent) resonant frequencies
and
is a set of constant coefficients, ω k ≡ (cπk)/L is a constant frequency, and
The scale factor a(η) changes very slowly due to the Hubble expansion. For this reason, equation (39) can be solved in an adiabatic approximation which neglects all terms with the time derivatives of Q k in the right side of (39) . The adiabatic solution of (38) is
where a n and b n are constant amplitudes of the n-th mode of the harmonic oscillations. We notice that in the adiabatic approximation, the product Ω k (η)dη = ω k τ . Therefore, the electric field in the cavity is
where we have used transformation from the global to local spatial coordinates x = Xa(η) and introduced notations A n ≡ a n R −3/2 (τ ), B n ≡ b n R −3/2 (τ ) for the adiabatically-changing amplitudes of the orthogonal modes of the oscillations. Equation (42) demonstrates that the frequency of electromagnetic oscillations in a resonant cavity is not subject to the Hubble expansion because the observed frequencies, ω n , are constant with respect to the proper time τ of the Hubble observer measured with the help of atomic clock. This theoretical conclusion has a rather precise experimental verification [39] . The amplitudes A n (τ ), B n (τ ) of the standing wave in (42) depend on physical time τ due to the Hubble expansion through the time-dependent scale factor R(τ ). This change in the amplitude of the electric field is minuscule on any (practically reasonable) observational time span and can be safely neglected.
Conclusion
We have studied evolution of electromagnetic frequency of a standing electromagnetic wave in a rectangular resonant cavity used as a clock in the FLRW universe. We have analysed how EEP works in case of the expanding space and the subtitles in the physical interpretation of the local Minkowskian time. We have proved that in general relativity the physical time counted by the cavity-based clock has the same rate as the proper time measured by atomic clocks despite of the expanding, non-stationary background metric.
It is possible to extend our calculations to a cavity of any geometric shape by directly solving Maxwell's equations for oscillating modes in the same way as in section 6. In any case the frequency of the proper modes of the cavity is not subject to the Hubble expansion in accordance with the Einstein principle of equivalence [11] . This result may not hold in some alternative metric-based theories of gravity which admit existence of other long-range gravitational fields (scalar, vector) besides the metric tensor [45, 46] . It can be also violated in the non-metric theories of gravity which admit torsion and non-metricity in the affine connection which violate the Einstein principle of equivalence [47] [48] [49] .
We would like to emphasize that the rectangular cavity resonator can experience a relative drift of frequencies of electromagnetic waves oscillating in x, y, z directions respectively if a local anisotropy of the cosmological metric taken in the form of equation 2 is present in nature. Let us denote H ≡ H x =Ṙ x /R x the value of the Hubble constant in the direction of x-axis, and H y =Ṙ y /R y and H z =Ṙ z /R z the values of the Hubble constant in the direction of y and z axes respectively. Then, the differences between the anisotropic scale factors are δR y (τ ) ≡ R y (τ ) − R x (τ ) = δH y τ and δR z (τ ) ≡ R z (τ ) − R x (τ ) = δH z τ , where δH y = H y − H and δH z ≡ H z − H. This would lead to a relative drift of frequencies ω y and ω z of the standing waves in y and z direction with respect to the frequency ω ≡ ω x of oscillation of the wave in x direction, ω y = ω + δH y τ , ω z = ω + δH z τ .
This new type of metrological measurement of time by clocks based on the optical cavity resonators belongs to the class of the Hughes-Drever experiments [50] which test a spatial anisotropy of mass and Mach's principle in special relativity. The experiment described in the present paper goes beyond special relativity and probes one of the most fundamental cosmological assumptions -the local isotropy of the Hubble expansion and the Einstein equivalence principle. It should be noticed that here is a long history of comparing different kinds of clocks to look for cosmological variations. The discussion of such experiments is usually done in terms of variations of the fine-structure constant, the gyromagnetic ratio of the proton or the electron/proton mass ratio but not in terms of test of EEP and the possible anisotropy in expansion of space. Microwave resonator cavities have been used in comparison with atomic clocks to place bounds on the Lorentz-violation parameters of SME, but they have not been used to look for cosmological drifts [51] [52] [53] . Nonetheless, the data from these experiments may be retroactively used for testing EEP in cosmology. Further theoretical and experimental exploration of this subject is desirable.
